Maximal violation of Bell inequality for any given two-qubit pure state 
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In the case of bipartite two qubits systems, we derive the analytical expression of bound of Bell 
operator for any given pure state. Our result not only manifest some properties of Bell inequality, 
for example which may be violated by any pure entangled state and only be maximally violated 
for a maximally entangled state, but also give the explicit values of maximal violation for any pure 
state. Finally we point out that for two qubits systems there is no mixed state which can produce 
maximal violation of Bell inequality. 
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The violation of Bell inequality [l| means that quan- 
tum mechanics cannot be regarded as a local realism the- 
ory. A more general version of Bell inequality for two 
qubits was given by Clauser, Home, Shimony, and Holt 
2] (CHSH inequality). The significance of Bell inequality 
is that which can move the philosophical debate between 
Einstein and Bohr into the lab. Intuitively, one would 
link the violation of Bell inequality with quantum en- 
tanglement. Indeed, as early as 1991, Gisin et al. [3| 
pointed out that any pure entangled states can violate 
Bell inequality. The relations between violations of some 
inequalities and entanglement have been formulated as 
the entanglement witness 

Consider two observers, Alice and Bob, in two dis- 
tant laboratories. They share a pair of qubits (we de- 
note qubit a and qubit b) which are interact in the past 
and usually entangled. The two observers can choose to 
measure one of two dichotomous observables: A or A' at 
qubit a and B or B' at qubit b. In this work we only 
consider traceless spin observables, which can be written 
as A = a • a and analogously for A', B, B' . The CHSH 
inequality is 

|(B) P | = \{A ® (B + B') + A' ® (B - B')) p \ < 2, (1) 

where B is a so-called Bell operator [fa], and |(B) P | is the 
expected value of B in state p. The quantum bound (or 
say Cirel'son bound) of B is given by Cirel'son [1,0|, and 
which has been written as y/A + \([A,A'] ® [B,B']) P \. 
Landau 0] has pointed out that for any choice of the ob- 
servables there exists a state p for which Cirel'son bound 
can be reached. From Cirel'son bound one can see that 
the maximal violation is 2y/2 and which can be achieved 
only in the case that Alice and Bob both choose a pair 
of anticommuting observables. 

One naturally ask a question: for any given state p, 
what is the bound of Bell operator? In our previous 
work in 2008 || we derived the analytical expression of 
the tight upper bound of |(B) p | for any given pure state 
p under the condition that Alice and Bob both perform 



lcoal vertical measurements. In this work we completely 
solve this problem, e.g., we present the analytical bound 
of Bell operator for any given pure state p without any 
restrictions on measurements of Alice and Bob. We find 
that this bound is entirely dependent on the entangle- 
ment of the given pure state, so which is an admirable 
measure of entanglement. Finally we point out that for 
two qubits systems there is no mixed state which can 
produce maximal violation of Bell inequality. 

Using that the observables have unit square one gets 



= 4+[A,A']®[B,B']. 



(2) 



If we assume that A = a • a, A' = a' • a, B = b • a, B' = 
b'-cr, where all a, a', b and b' are unit vectors. The above 
equation can be written as B 2 = 4— 4(axa')-er®(bxb / )-cr. 
So without losing generality, an arbitrary measurement 
scheme of Alice and Bob can be written as 

B 2 = (U a ® C/ fc ) t (4 - 4 sin a; • a y ® a y )(U a ® U b ). (3) 

Where x is an adjustable parameter which is dependent 
on the choice of measurements of Alice and Bob, and 
without losing generality we can assume x € [0, n]. U a ^ 
is an arbitrary unitary operation on a(b), which can be 
written as [9| 

U = U(a,p,j,6) 



J(-p/2-8/2) , 



J(+0/2-5/2) 



i(-/3/2+<5/2) , 



sin \ 



i(+P/2+S/2) 



cos Z 



(4) 



where a, 0, 7 and S are real numbers. From Eq. ((3|) we 
can obtain the spectral decomposition of operator |B| as 



= 2V1 + smx(U a ® C/ fc ) t \ m ) (U a ® U b ) 
+2Vl-sina;(L/ a ® |r? 2 ) {m\ (U a ® U b ) 
+2Vl + smx(U a ® U b )^ \ m ) {r*\ (U a ® U b ) 
+2V1 -slnx{U a ® U b y \th) (ru\ (U a ® U b )(5) 



where 



m 
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(6) 

For any operator O which has spectral decomposition 
O = ~}2 a O a | a) (a\, the spectral decomposition of corre- 
sponding operator \0\ is \0\ — VO 2 — J2 a \® a \ \ a ) ( a \' 
where O a 's are eigenvalues of operator O and |a)'s are 
corresponding eigenvectors. We also notice that the par- 
tial trace and full trace of Bell operator B both equal 
to zero, so the spectral decomposition of Bell operator B 
can only be one of the following cases: 

B = ±2y/l + sinx(U a <g> c/Y \m) (m\ (u a ® u b ) 

±2Vl-sina;([/ a <g> U b ) ] \ m ) (r) 2 \ (U a ® U b ) 
T2Vl + sinx([/ a ® tf 6 )t (773) ® t/ b ) 

T2Vl-sinx(C/ a ® C/ h ) t I774) (t? 4 | (?7 a <8> U b ). 

(7) 

In this work we only consider the first case in which eigen- 
vectors 771 , 772 corresponding to positive eigenvalues. The 
other case will give same result. 



If one apply a proper product unitary operation on 
qubits a and b, a general pure state tp always can be 
written as 

IV;} - co S (Jj\+z)J-z) b + e^ S in(Jj\-z) a \+z) b 

= (0, cos(0/2), e lx sin(6»/2), 0) T . (8) 

where |±z) denote the eigenvectors of a z , and the sub- 
script specifies the related qubit a or b. The "angle" 9 
in Eq. © determines the degree of entanglement in the 
state. The angle satisfies < < it, 9 = and 9 = tt 
correspond to the product states, and the maximal en- 
tanglement occurs at 9 = ^. 

From Eq. ©, We find that the Hilbert space of the 
two qubits, H = C 2 ®C 2 , can be divided into two disjoint 
subspaces: Hi({r]i, 772}) and %2({?73, %})■ So in order to 
get the maximum of |(B) P | it is best to find some U a ®U b 
which can map ip into either "Hi or H2, and then choose 
a proper x which maximizing |(B)p|. 

For the convenience of calculation, we present 
the explicit expression of U a ® U b . We use 
U a (a,/3,-f,6)(U b (a',(3',j',S')) to denote an arbitrary 
unitary operation on a(b), U a ® U b can be expressed as 
follows: 



/ e i£l1 cos(7/2) cos(t72) - e ifl2 cos(7/2) sin(7'/2) - e'^ 13 sin(7/2) cos(7'/2) e l « 14 sin(7/2) sin(7'/2) \ 
e^ 21 cos(7/2) sin( 7 72) e 4 « 22 cos(7/2) cos(y/2) - e l?23 sin( 7 /2) sin( 7 72) - e^ 24 sin(7/2) cos(y/2) 
e^ 31 sin(7/2)cos(7'/2) - e J « 32 sin(7/2) sin(7'/2) e l?33 cos(7/2) cos(7'/2) - e l?34 cos(7/2) sin(7'/2) 
\ e 4 « 41 sin(7/2)sin(7'/2) e l?42 sin(7/2) cos(7'/2) e^ 43 cos(7/2) sin(7'/2) e^ 44 cos(7/2) cos(y/2) / 

(9) 



where all ^ are related to tunable parameters 
a, a' , /3, 0' ,5,5' from Eq. Now we consider map- 

ping ip into subspace Hi, with this purpose we find 
that in Eq. ([9]) we must choose 7 and 7' in such a 
way that cos(7'/2) = sin(7/2) = or sin(7'/2) = 
cos(7/2) = 0, because otherwise \ip') — U a ®U b will 
have component state which is in H2 and this will reduce 
I (V>'|B|V/) |. When cos( 7 '/2) = sm(7/2) = 0, we can 
obtain 

ip' = u a ®u b \4>) 

= (-e 4 « 12 cos((9/2) e *(« 43 +*) s i n (0/2)) T . 

(10) 

Then we can obtain | B \i/>') \ 

= 2vT+suTi- K^il^')! 2 + 2 Vl — sina; • \{mW)\ 2 
= Vl + sinx ■ I - e^ 12 cos(6>/2) + e l( ^ 3+x) sin(6'/2)| 2 



Wl-sinx- |e^ 12 cos((9/2) + e l ^ +x) sin(0/2)| 
= vl + sin a; + yl — sin a: 

+ cos (£12 — £43 — x)(v / l — sin x — vl + sin a;) sin#. 

(11) 

Since V 1 — sin x — \/X + sin x < and sin# > 0, we 
can take cos (£12 — £43 — x) = — 1- I n addition, we 
notice that (vT + sin 5 + \/l — sin re) 2 + (VI + sin a; — 
yT — sin a;) 2 = 4 and | \J 1 + sin x + \/T— sin x\ < 2 
and I Vl + sin a; — y/l — smx\ < 2, so we can sup- 
pose vT + sin a; + V 1 — sin x = 2 cos A and \/l + sin a; — 
VI — sin x = 2 sin A, and then | (^/| B |^'} | can be written 
as 

I (^'|B|V/) I = 2(cosA + smAsm0). (12) 

So by adjusting parameter A (this equal to adjust x), we 
can get the maximum value of | B \ip') | as 

I (V>'| B \tp') \ max = 2\/l + sin 2 9. (13) 
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FIG. 1: (Color online). The bound of |(Z7 + BC/)^,| = 
2 vl + sin 2 # (solid line) for any i/i. For any pure entangled 
state, this bound is greater than the classical bound 2, this 
means that Alice and Bob can achieve the violation of the 
CHSH inequality. The entanglement E[ff) (dot-dashed line) 
of ij) is also shown. Both the bound and the entanglement are 
dimensionless quantities. 



When sin(7'/2) = cos(7/2) = 0, we have 
ip' = U a ®U h \ip) 

= (-e l( « 13+x) sin((9/2) e l « 42 008(61/2))" 



(14) 



Then we can obtain | (tjj'\ B 
\(^\M\i;')\ 



2Vl + sina; • \(mW)\ 2 + 2\/l - sins ■ \(mW)\ 2 
y/l + smx ■ | - e ^ 13+x) sin(0/2) + e*« 42 cos(6>/2)| 2 
+V1 -sinx- |e j(5l3+x) sin(0/2) + e l « 42 cos(6'/2)| 2 



= vl-j- sinx + y/l — sin : 



(15) 

So we obtain the same maximum of | B \tp') \ . 

We can also choose mapping ip into subspace 'H.i-, and 
it will produce the same maximum in a similar way. 

In Fig. [I] we plot the maximum of | (tp'\ B \ ip') |, and 
the entanglement of ip, which is calculated by using von 
Neumann entropy of the reduced state in either of the 
two parties, 



E(0) = -cos 2 (-)log 2 cos 2 (-) 



sin 2 (-)log 2 shi 2 (-). 



(16) 



We find any entangled pure state can produce viola- 
tion of Bell inequality, and only the maximal entangled 
state can produce the maximal violation of Bell inequal- 
ity (Cirel'son bound). 

About mixed states, Braunstein et ah [l(j showed that 
mixed states in high dimensional Hilbert space can pro- 
duce maximal violations of the CHSH inequality, and the 
necessary and sufficient condition for violating the CHSH 
inequality in an arbitrary mixed spin-i state is presented 
in [111 ]. From above calculation about pure states, we find 
that in order to produce maximal violations the mixed 
states of two qubits must be transformable to any one of 
\rji) (r)i\ in Eq. ((6|) by proper unitary operator U a ®U b , 
but all \r]i) (r)i\ are pure states, so we can conclude that no 
mixed state of two qubits can produce maximal violation 
of the CHSH inequality. 
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+ cos (£13 + x — ^42)(v / l — sinx — vl + sin a;) sin 9. 
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